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Proof Composition

We saw Techniques to achieve:
® Polynomio.l proof length - and Polylogari+kmic query  Complexity
® exponential proof length ond constant query complexity

How to achieve the best of both ? (Polynomiod proof length and. constant query comPlex'r\'y)

PKooF CoMposITiON : 1‘echnique to combine two PCPs so that the composed PCP  inherits

the Proo{f length of one PCP and the query complexity of the other PCP,

I\\\-\)i’ﬁvz\y, il we apply this to M and @ then we 3& the best of both.

>={0} , r=0(log v\)]

This "‘Q_d\h\.CIVQ ‘QQC]S to PCP Theorem: NP S PCP[gs_\/L , U= Poly(v\) q-O(l)

InTeracTive Proor CoMPOSITION: o\m\ogovs hd\v\ic[uc ‘hat works for TOPs.

This J\'v\dmxicr\;m leads 1o the oyﬁma\ \'mdqoﬁ between proof lrzv\SHA ond query Cow\fltxibl:

k=3 z {0\} r= O(lo “)]

TOday we S’\‘vdy these ‘\'(d\niqves.



High-Level Plan

Insredierﬂ's: ® ovter PCP (Powt,Vour) for o relation R (with ”aood\\ proof k.nj'H\)
® inner PP (Pia,Vin)  for the relation R(Vour) (with “qood" query complesity )
GoaL: PCP (PV) for the relotion R that inherits { outer's proof length
1inner's query complexity
Ldea: yse the inmner PCP to check the computation of the ovter PCP verifier

[ reminiscent of code concatenation in coding theory for teducing alphabet Size.

Tout Tr’m (Pl) Tin (Pt)
m= ( ’ / y )
N~ \1/
Vou‘l‘ ( X / ?ouf ) V.IV\ ((XI gou'l- )/ gil\ )
P(x,w) VT(x)
|. Compute ovter PCP: Moy = Pour (xw), |. Sample FPout € {0,|}r°: " Xin
l'o»l- Tin (gwl') =
2. For every ¢,.€{o1} 2. Check that ((x ,gm)) =

comPu+e inner PCP for Qout

Trm (gm Pm ((X QM ) P ovl- [Qm (X/?w;) ] ) 3

This plan has problems ...
3. OU‘l‘Pu'l' M= (Tl'w:,/ ('ITi,\ (gm) )gme{ql}w) .



Problems with the Plan

Tovt Tr’m (Pl) Tin (PL)
m= ( / / y )
ov+ X, ?wl' V'H'\ ((xlgoui-)) S"m)
ot 4 T ossiHy inconsistent
° ProBLEM: Even if xgL, it can be that ¥g,,elonl™ I, Vour ¥ (x; Qo) = 1, across different. ¢,

I{ so, +he inner PCP is invoked on the true stotement “I Moy V. Voot(x; ; Sout ) ="

AFPI’OM‘J\: Eoch inner PCP shovld be a ,’Proo(f of Proxim‘rl'y“ for the corresponding local view

V4

1S there an accep+ir\3 local view {:or (X,QM)-{
Compam: - W
N s This local view (derived from the given Tou) occepting for (%,9ou) ¢

Each Tin(9ous) will be SPQCIF!CG”)/ about 'ITWJ_Qoo{-(X Sout) ] ¢ VWM[Q;’*(X?""*)] m"[w]((x g.,,,))

xln

 PROBLEM: We cannot determine with few queries to a local view whether

the local view is accepting or rejecting, (Mcxybe it differs in 4 location from an accepting one! )

Approoch: The outer PCP should be ROBUST :

xgL = whp local view is far from Awny accepting local view
P P*'ng




Robust PCPs [for outer PCP]

In o PCP, sovundness stotes that B[ local view is acco.P’ring] is small |

Robust soundness S+r€n3’rhe.ns this: Pr[ local view is close to accepting ] is small,

In other words, whp a local view 1is far from accepting.

We testrict attention to non-adaptive verifiers:
VTr(X,‘Q)=D(S(X,g),'lT[&(X,g)]) Where S,Q,D are the S+a+e,civery,decision algoriHms of V.

The relation of accepting local views for V= (S,&,D) is: Given . an instance s,
R(V) ”"{(S,O\) l Ség(x,g) A QE Z&(X'P)A D(S,a\)= | } . R(v)[s] =={&\ (S,G)G R(V)} .

C_lii (PV) is o PCP system for o relation R with robustness Pammﬁer 0 if:

0) Com!slde.ne.ssz Y (xweR B [\/"-(X)=| ‘ TePlxw) ] 2 1-€..

@ robust soundness: ¥xglL(R) VT _]_Z,—[ A(T [&(x,g)]/ R(V)[S(X,g)])“'] < &g,

Standard soundness is the above with ¢=o0: \/*(X;g)”HA(TT[&(X,g)],R(V)[S(X,z)])=°.

( Also  for every G € EO,'/q) becavse o [ocal view has q query symbo\s.)



PCPs of Proximity [for inner PCP]

In o PCP of proximity (PCPP) for a relotion R the verifier receives:

m w
e «

Plx,w) A N

* an instance X
* query occess to o candidate witness w

* query access +o o PCP sh'ing ™
[iF x¥L(R) then RIx1=¢

GoaL: convince the verifier that w is close to some volid witness in RIx1:={w|(xw)eR},

def: (PV) is a PCPP system for a relation R with proximity parameter ¢ if -

@ comPle’re.nQSS: v (xlw)e R -El' [VW/“—(X) =| l e P(X,W) ] z |- €.

@ ?roxim'd-y soundness: M (xw) if A(w,R[x])ch then ¥ 'P' Pr [VW'W(X)zl I T« ’FS' ]S Es.

Ec;uiVQ\Qn'l‘\y:

convention Alw,g):=1
A(w,Rx1) 2§ > Vi Pr[V"’*(xF']SEs

EFFicCiENCY ¢ Proo(" |en3+h measures IT| (over o cliven lehabei-)

but query complexity counts queries to w and T,

Note: it xe L(R) then the PCPP verifier rejects whp. if w is far from RIX]
= PCPPs are about Proxim’|+y to valid withesses , not (just) about membership in L(R)




The Composed PCP

Ing\—ediav\h: [ ouvter: non-odaptive KP (B Vo) for a language L with robustness o
@ inner: PCP oc Proxm\"\'y (Pi.\,V;n) -for He relation R(\/M.) with Proxiw\‘d')o din
The new PCP (PV) for +he lanquaq L is defined as follows:

Tout Thin () Thin (P2)
T\_; ( ;\1/)%‘ / / )
V'.';‘J'l:“ ((leou!- )/ ?in )
P(x) VT(x)
l‘ CQMPufZ OU+¢|' PCP . Tovt := Povl- (X) I SO\N\f\Q IOW‘, € {O,I}rw.{.
Fout
Z. {." v L\ Y , . ou | ’ /Tril\[ wl-]
or N fiurt fo} 2. Chedk that \/i_,l.T Ot o] 't (S..,f(x,fm)\= .

COMPU{’Q et PCPP -For foul- Qs
Tﬁnt f)ou }] = PM (‘Slm(x:f)wi')lmvlr [Qwr (" ' fooi-)])

3. O\;“'Fv"' T:= (Tro\d- , (mn[f’w{-] ) {’o u*ego,\'gr“") ‘

claim: The soundness error is £, t+ &jp.

I\‘- )(9! L H\eV\, exceyl' w‘r. Eovt OVer Pout, the \ocal view Tl'ov\-[&ou\-(x,(m-)] is ﬁo,.-(:m‘ Y’rom R(Vm)[&,‘(x,fm)].
I‘? = (O.V\d ot 2 53\'\) 'H\QV\ \/\'\ O\CCQ'?‘\'S N? S over f)i,\.



Proof Composition Theorem

P(x) vV T(x)
. Cow\pv‘hz ovter PCP: Tovt := Pour (X) . Souv\f\e FMG{OII}W
rovI'
Z, F r C.t\ v € p - Tlov l, ,Trin[ wl-]
o each pue fo} 2. Chedk Hat Vi, HBorbtpus) Tl (S, o) = 1.

comFuﬂ et PCPP -For Pour OS

TFIA[ Pou |-] = P'm (Sw\-(X,Poul-),Trov‘\‘ [Qa\H- (.x ' fodi-)])
3. Ovtput Ti= (Thow, (m[ﬁ,ﬂ])fmegolgr.,r)‘

theotem: Consider these ingredients:

[© ovter: non-odaptive RCP (Pt Vor) for a language L with robustness o
(i) inner: PCP of proximity (Pn,Via) for the relation R(Vow) with procimity &ia
Then we obtain o FCP (PV) for the lonquoge L with:

o soundness error: Gout(x) 2 Sin(X) — E(X)= Eour(X) + Ein(Xin)

* proof length:  £(x) = Loot (X)+ 279, fin (i)

* query complexity: q(x)= Cl‘“(Xi")

* randomness complexity: ()= Font (x)+ Fa (Xin)

(5t gy 00+ Qs (X) ¢ Pin(Xin))

o verifier fime: vi(x)= stou(x) + ql (X) + VE, (%)

Fout (X)

. P\'@VQ\' ‘h.me,f P"'(X): P'\‘w\-(X)'l'z



Variations on Proof Composition

lemma: if (PuVia) has robustness &, then (BV) has robutness 6,
prodt:
If xgL then, except wp Eour over Pout, the local view Towe L Qout 4, fout) ] is G- for from R(VM)[SM(X,M}].
TY so (and Goor 2 Sin) then the local view
(Tﬁm[ Gout (s oot} , Thim [gwd) [ Qin (S0 (X, 8ott), 8in) ]
5 Gn-far From  R(Vie) [ S (Serlxgour)Qin)]  except WP En over i u

|e.mma if (Pm.Vm) is o PCPP {-or a rdation R with proximity Joot
the (PV) is a PCPP for R with proximity do

proot: T the construction and onalysis consider local views of (w,Tas) rather than of Tou.

P(x,w) V()
e . Somple  po €4 o} ™

Fout
2. for each fp,¢ {01} (w, Tlout ) [ B e 1%, fo], ThinL fout]

2. Check Hhat Vi, (S!a(x, f..,.)\ =|.

compute imer PCPP for oo as

Tl Pout 1= P S0 k) (W, Tt [ (¢, o)
3 5 OV"‘]?\I“‘ 1r:= (Tl"m 5 (Trm[ f"‘"’] ) f’W* c {ol‘-gi'u\-) .

Tn the soundness cose consider w that is o -far from RIx] rather than xeL(R). W



Proof Composition For IOPs?

We can similarly define robust I0Ps and TOPs of proximity.

def: (P,V) is on TOP syskm for o languoge L ith robustness porameter ¢ if :

© completeress: ¥ xel F [PV pY=1]71-€

@ robust soundness: ¥x ¢ [ ¥P %—[A(ﬁ[@ 5], R(v)T[S(x.p)])s & where T oradksk PV 1)) )« 5,
actepting local views f S(x,g)

dek (PV) is an TOPF system for a relation R with prokimity parameter § i

© complerensss: ¥ (xw)eR  R-[<Pixw), V¥ ix:ge1 ]2 1-Ee

convention: ]

o = W
@ ?mxim’\{-,y soundness: ¥ (x,w) if AlwRIA)2E Hhen ¥P %*K Y (X)y)>=l]\< & [A(w,sé)::l

Exam‘:le,: I R=1((F LY, D) fers[F.L,d]} then we get an TOPP for e Reed—Solomon code.
FRI is an example.

\,\/e. cawn s‘\wx‘\\arly Compose. TOf:  via INTERACTIVE Proor ComposiTiow.

I+ s more efficient than its non-interactive covnterpor b thanks to interaction.
10



Interactive Proof Composition [1/2]

Ing\'e_diev\h: [ outer: non-odaptive TP (B Vo) for o language L with robustness sa
@ Inher: TopP of PfOX;N\"\'y (Pin,V‘m) {Ol‘ He telation R(VO\I{-) with Pl*OXim‘d')' Oin
The pew TOP (PV) for +he lo\nﬁvchQ L is defined as follows:

P(x) V(x)
SQW\PIQ et € {0,'}"“.*
S[TTTITTTIT] | interactive part of
Povl- (x) <'—' Vour (x)
?ovi-
SO [,
Pi.\(gm(x,gm)) H_ Vi'\ (So\n-(x,go-ﬂ-))

. N r"+
Thare is no need to run the inner ToP for every gou € 0,1

the TOP verifier tells the TOP prover whidh Qe it Sownpled.

11



Interactive Proof Composition

theotem: Consider these ingredients:

® outer: non-odaptive TOP (RyyVar) for a language L with robustness o
@ivme\—: ToP of Proxim{+7 (P;.\,V;,.) for the relation R(Vow) with Proxim‘d7 i
Then we obtain on TOP (PV) for the lanquage L with:

o soundness error: Gout(X) 2 Sin(Xim) — E(X) = Eou(X) + Ein(Xin)

* found comploxty: Kix) = Kovt(X) + Kin(Xin)

» proof length: £(x)= Lot (x)+ AL - fin(xu)

* query complexity : q(x): c'.m(x;.\)

* rondomness complexity: (x)= Foot (x)+ Fin (Xin)

o prover time: pr(0= prac(X)+ L - (st 00+ qhyye (X)+ ptin(Xin))

o veritier time: vh(X)= ston(x) + qt,, (X) + VE, (%)

lemma: if (PaVi) has robustness s, then (V) hos robwiness @

lowma: if ( Pout, Vour) is o TOPP for o reotion R with proximity oot

thu (P,V) IS on IOpP {\-or R with proximity dovr

[2/2]

12



PCP Theorem via Proof Composition [1/3]

theorem: NP < PCP[£c=0, &=, Z={0)1, £=poly(n), q=00), r =O(l03n)]

Below = we implicitly require. E.=o, &=, T={o1} (we omit them to redvee clutter).

Proor AttemeT  Apply (non-inferactive) proot compesition with:

» ovter PCP: robust variont of PP for NP with proof length poly(n) ond query complexity poly(iegn)

CSAT ¢ PCP [[M‘-‘ poly(n), Gout = Po‘y(logn), Fout =0(|03n), Sout = Poly(loan), Gout = UL(1) ]
* inner PCPP: proximity variant of the FCP for NP with proof ‘Qngp‘h axp(n) and query complexity o(1)

R(Vout) € PCPP [ fin= exp(min), Gia= O, Yin= poly(ma), &y= O]

We ensure that Oout 2 Gin Ond  Set Njp:= St (N). Froo{‘ composﬁ‘ion yiQHS G PCP (10r CSAT with:
L= Lo + 2 L = poly (n) + 20('°°")-exP(Po\y(loah)) = PN T« Top Long!

CSAT € PCP | 9=Qin=00)
b= Font + T = O(logn) + poly (polyClogn)) = poly (logn) -

Tpea  Stepl: compose the ovfer PCP with ifself to obtain a smaller stake cize

Step 2: compose the tesviting PCP with the inner PCPP
This requires sharting from o robust PCPP.

13



PCP Theorem via Proof Composition [2/3]

theorem: NP < PCP[£c=0, &=, Z={0)1, £=poly(n), q=00), r =0(l03n)]

Part | oF Proor Apply (non-interactive) proot composition with:
» outer PCP: robust variont of PP for NP with proof length poly(n) ond query complexity poly(iogn)

like in {CSA‘\' € PCP [fw‘. = poly(n), Jout = PO‘)('OQV\)/ Fout = 0(103\!\), Sout = Pol)'(‘oa"), Oout = dL(1) ]

prior slide

e inner PCPP: ohust R Prox'\mﬁ'y variont of the PP for NP with proof lQna{h Po\y(n) ond query complex\%‘y Poly(l°9")
R(Vowt) € PCPP [ fin= pO\)'("i-\), Qin= poly (log Nin) , Fia= O(\og n'..\), Sin = poly (log v;,), Sin = oW, Gn= JL(\)]

We ensure that oy > Gin and set Miai= Spe(n). Proof composition yields o PCP for CSAT with:
L= Lo+ 27" Lin = poly (m)+ 2" poly (poly (logn) = poly(n) |
q=Qin= poly (log po\y(loﬁn)) = poly (loglogn)

CSAT € PCP [ = ooy +Fin = O(logn) + OClog poly(logn)) = Ollogn)

S = Sin = poly (log poly(logn)) = poly (1oglogn)

LT = Gin=uL()) )
The composed PCP will act as the ovter PCP in the next composition,

We vsed the fact that if the inner PCPP IS robust then <o is the composed PCP.

We Keep track of the stafe size for He composed PCP (it is  Sin (Sowr (V) ). 14




PCP Theorem via Proof Composition [3/3]

theorem: NP < PCP[£c=0, &=, Z={0)1, £=poly(n), q=00), r =0(l03n)]

Part 2 oF Proor Apply (non-interactive) proot composition with:

» outer PCP: robust AP for NP  obtained from the first composition
CSAT € PCP [ Lo = poly(n), Gout = poly (loglag n) , Foup =OClogn), Suur= poly (loglog ) , Gour = 1(1) ]

+ inner PCPP: proximity variant of the FCP for NP with proof length exp(m) and query complexity (1)
R(Vout) € PCPP [ Lin= exp(mia), Gia= O, Tin= poly(n), &= 0]

We ensure that 6o 2 §in and set Mia:= S (n). Proof composition yields o PCP for CSAT with:
L= Lot + 2" Lin = poly(m) + 22" explpoly (loglogn) = poly(n)
CSAT € PCP | = gin= O0)

b = Foop +Fin = 0(|03n)+ Poly(po\y(loglogn)) = O(Ioan)

15



Remarks on Proof Composition

Svmmowy : Step 1
Fobvst PcP robvst PCPP robvst Pcp PcPP Pcp

L=poly(n) o L=poly(n) — ¢- poly(n) o L= - - poly(n)
9= Poly(loav\) q= Poly(loan) q P°|7'(|°3l°3") q=00) e oln
Step 2

\A/hy not compose. the robust PCPP with itself 3 (or more) Fimes?

Step 1 .
Fobust PCP robust PCPP  robust Pcp tobust PCPP Pcp query complexity
L=poly(n) o L=poly(n) 5 ¢- poly (n) o L=ply) 4= poly(n) decreases but not to constant
9= Poly(loan) 9= Poly(loav\) 9= P°|7'(|°3l°3n) q= Poly(hgl\) q= Poly(loalog\oan) (2 ditte Tor inore cow\YoSH‘ions)

Proximity variant of the PCP Theorem:
theorem: ¥ d>0 NP < PCPPLEc=0, &=, Z={01, £=pely(n), q=00), r=0(logn), & )

proof: fPerform the 2-step compesition used to prove the PCP Theorem —with o modification.
In the first composition set the outer PCP to be a  robust £ proximity variant of the
PCP for NP with proot length poly(n) and query complexity —poly (logn) . (Eg the sane os the imer Rerr)

Both compasitions preserve the proximity parameter. B

RObUS+ variant o? 'H)Q PCP ThQO\"Qm: S“'\'OL.\%‘\'\'G()(NO\'C‘ bQ_C,Q\)SQ q‘-‘- O(l) (eq. use an error-correcting code) ,
16
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